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[ecture 2 :

Castigliano’s
L~ N = AR m b

Energy Theorems
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Castigliano
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Differentiate the Work to a
specific force, e.g. F.:

0A 0 0 d
ext =%Faﬁ+%ﬂﬂ+%}il+.”
an an an an

u
+iu +1lF —=x
2 7x 2 xan

Use Maxwell’s notation :
u,=c, F,+c, F, tc, F.+..Hc,lF,

u, =c, F,+c, F, +c, F.+..+c, F,
u.=c, F,+c, F,+c F. +..+c F.

ca a

u, =c F +c, F,+c F.+..+c_F,
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Elaborate for all ...

du, d(c,F,+c,F,+c, F. +..+c, F,)

oF, o
u, _ dc, F,+c, F, +c, F +..+c,F.) .
an an bx
du, 9d(c F,+c,F,+c F +.+c, F)
oF, oF,
u, d(c,F,+c, F,+c F +..+c F)
oF, oF
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Result:
0A
— —1lFec +1Fc¢ +1Fc +.+1Fc +1u
aF 2 % aax 2 5 b bx 2% cex 25 xTxx 2 %x
Maxwell : aAext —le F 41 1 1 1
) aT_ECxa a+5beI§7 +3Cch;'+”‘+3cxxe+3ux
C(Z.X = Cxa ' 1
2U,
Cbx = be
CC}C = CXC
aAext — I/t
B Castigliano’s 2nd theorem a la - x
X
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Castigliano
m Work done by external loads A,,; is
Stored in the Strain energy EC (complementary)
m Differentiate the strain energy to a force
at location x to find the displacement u
at x
OE, _
] X
oF,
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Example
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hl-ljzﬁ =T

Strain Energy in terms of the load

M(x)=3Fx 0<x<1l
J‘M(x) N SO o
2EI ) 2EI 96 EI

dE, 2FP  FIP

c _

T dF 96EI 48El
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Steps of the solution strategy

m Castigliano : differentiate E;to a
force.

m E,is integral of the square of the
moment distribution

® SO
.. differentiate after integration ...
IS THIS SMART TO DO ??
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Smart help

J~2M(x) dM(x)dx j-M(x) dM (x)
2EI

0
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Castigliano

m Second theorem BEC = U
oOF

= First theorem aEv —F
du,

Hans Welleman

Work and Energy methods

1

Application 0, _,
u,
A
(energy expressed
) " inu, and u_)
1) Cz:lg—) Fx aE c
0 =,
’ | oF,
F,
L (energy expressed
in F_and F))

Hans Welleman
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Example

deformation with
. . q
Castigliano:

¢ Find the
displacement El(x)
at the free end

¢ Find the —
rotation at the @L—. %

free end

Given :

EI(x)=Elo(l—§j; EI, =150x10° kNm’; [=40m; ¢=35kN/m
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Example

Force distribution /), 60 kNm
with Castigliano: El c

%
LY

* Find the El ®
support
reaction at B
using 5m 4
Castigliano
* Draw the
moment
distribution

w|
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Application : shear stiffness

Hans Welleman

yyyyyyyyy

o area= M8

Beam:

= Axial loading
= Bending

m Shear

m Torsion

Work and Energy methods 15

TN s T

discrete model

continuous model

Hans Welleman

9(x)

Asumme LE, find &

E,=E,=1Vxdw=1Vxpyxdx
with: V =kx)

m  Shear stress
) distribution not
Tmax = 255 constant over
depth
= [If LE then shear
strain y not

- (1 - [Zhijz] constant!
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Equal amount of stored energy

discrete :
_1 1
continuous :

z=h/2 2
E.= | TR pavdz
¢ 2G

z=—h/2
2
(Y% h— - 22
VxS§@ 4

X1, b3

with:7(z) =
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Analysis Software

W20 mm

Profielen B x

Label Opperyl Trgh. mam. E-mod. Mat. type Mat.
= P2 1.0000e+04 )3.3333e+07  7.0000e+07 Database  Aluminiu
+by

Profielen B x

Label L Az Pais. Trek Dr
P2 20833=+06 6.3333e+03 033 B

A=bxh=200x50=10000 mm?
Aghear =2x10000 =8333,33 mm?

_E
C2(1+v)

so: GA

shear —
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Beam model with shear
deformation

m Euler-Bernoulli — no shear deformation
(one ODE) 4

d*w
El —=¢q(x)
dx

m Timoshenko beam theory — bending
and shear (two coupled ODE'’s)

d’ d
El K? —GA,. (EW + (p] =0 ()
CIE4190 Analysis of Slender Structures
GA,, [ (2
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