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Problem 1 : Influence Lines ( approx. 40 min )

Two hinged beam structures are shown in figure 1. The hinges are denoted with h. The
influence of axial deformation is neglected.
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Figure 1 : Hinged beams A and B
Questions:
Answer the following questions in combination with beam @ :

a) Construct the influence line for the moment at D,

b) Construct the influence line for the shear direct left of B,

c) Construct the influence line for the shear force directly to the left of hinge 2,
d) Construct the influence line for the support reaction at C,

e) Sketch the influence line for the rotation at B,

f) Sketch the influence line for the displacement of hs.

Answer the following questions in combination with beam :

g) Sketch the influence line for the shear force at E.
h) Sketch the influence line for the moment at D.

Note : “Construct” requires a correct sketch and the computed values of the influence
factors at key points in the graph showing a qualitative and quantitative result.
Sketching requires only a qualitative result from which it should become clear if
member parts will remain straight or become curved.
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Problem 2 : Work and Energy Methods ( approx. 50 min )

For a frame structure shown in figure 2, information about the deformation is asked using a
work and energy method. The prismatic beam, with bending stiffness EI is fully clamped at
A and supported at B with a horizontal roller. A vertical concentrated load F acts at C as is

indicated in fig. 2. Only bending deformation is considered. Use suitable local coordinate

systems to solve this problem.
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Figure 2 : Cantilever beam with concentrated load

Questions:

a) Explain the required steps involved to find the vertical displacement of point C due to the
load F using Castigliano's theoreme.

b) Find with Castigliano's theoreme the expression for the vertical displacement at C

expressed in the parameters used.

Note: Support your answer if needed with a clear sketch. Clearly show your
positive definitions and coordinate system(s) used.
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Problem 3 : Plasticity ( approx. 45 min )

In figure 3, a frame is shown for which the collapse load has to be found. The frame is
loaded with one concentrated load as indicated in the figure. The parts have the denoted
strengths as also shown.

NOTE : Take care of the different strengths of the elements!
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Figure 3 : Frame structure

Questions:
a) Comment on the following statement:
The failure load found by the upper bound theoreme results in a save value.
b) Comment on the following statement:

The additional load carrying capacity beyond the elastic limit is due to the
structural level (static system) only.

c) Analyse the structure and determine the possible collapse mechanisms and show these
with small sketches.

d) Find the failure mechanism and the corresponding failure load F}, .

e) How can you check your result?
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Problem 4 : Educational Cross Section ( approx. 45 min )

The unsymmetrical thin-walled cross section at mid span of a simply supported beam is
shown in fig. 4 (a). The span of the beam [ is 3.5 m. The beam consists of a thin-walled
tube with a diameter of 275 mm to which a L-section STU is welded at point S which
supports the distributed load ¢ centered between T and U as indicated in fig. 4 (b).

The thickness ¢ and the Young’s modulus Es are constant for the entire cross section. The
beam is loaded with a distributed load g = 24 kN/m. Use a x-y-z coordinate system with the
origin at the normal force centre NC.
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(a) Static system all parts
thickness ¢, T U
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(b) Cross section b
Given .
R =137,5 mm; [ =3500 mm; thin walled :
a =200 mm; b=100 mm; t =8 mm; A pe =27Rt =69.1 15%x10> mm?
E, =210000 N/mm®; g =24 kN/m; I, e = TR =6533.530x10* mm*

Figure 4 : Unsymmetrical cross section of a simply supported beam

Questions :

a) Some data based on the thin-walled theory is given which can be used:

=10767.15x10* mm*;

ped

I,,=10967.47x10* mm*; 1

Compute all missing data and find the:
- (1) plane of loading, (2) plane of curvature and (3) neutral axis.

Present these in a sketch of the cross section with maximum normal stresses.

b) Sketch the distribution of the normal stresses for part STU due to the given loading
for the cross section with the highest normal stresses. Use a suitable presentation for
this and show the values at the characteristic points.

c) Find the shear stress at S in part STU for the governing cross section for shear.
Clearly describe how you obtained your result.

d) Explain how you can find the percentage of the shear force which will be taken by
the tube.
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FORMULAS

Inhomogeous and/or asymmetrical cross sections :

£(y,2)=E+K,y+K,2

V ES@ (a) (@)
S}(Ca) —__ y _VzESz : or: S}(Ca) :_RM V;
Elyy EIZZ
2EI
tan (20) = ———=—;
(E1,-EI)
q* _ EInyIZqu —EInyIquZ
y 2
El nyI T El vz
q* B —EIyZEIZqu +EInyIZZqZ
.=

2
El EI. —EI,

Deformation energy:
E = I 1 EAe’dx (extension)

E = j LEI*dx  (bending)

Complementary energy:

N2

E = j dx (extension)
2EA

E =]

M
2
Castigliano’s theorema’s:

2
dx (bendin
I ( 2)

F = oE, y, = oE,
ou, oF,
Rayleigh:
E,
Fo= 7
(e
dx
Math tools:
i . / T I, =3(a* +b*)bh
y h I.=Lbh
i 1,, =5abh’
f=b—1ta+

and: o0(y,z)=E(y,2)X&(y,2)

m_[en, ELfx] el L
M_| |EI, EI_ |« e.| EA

EIyz _I/yl
EIZZ -1/ 4

S(a)

X
xt b(a)

El,=4(EI +EI )+ \/ (4(Er, -E1 ))2 +EI.

Kinematic relations:
du
E=—
dx
_ d*w
_ o
Constitutive relations:

N =FA¢g
M =El.x

Work method with unit load:
M (x)m(x)dx
U= j LAY
EI
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Area,

Second moments of area

Figure coordinates
centroid C centroidal other
_ Rectangle
v
A=bh I, =%b% Iy =1b%
Y Yo=1b I, =5b0 =16k
Zc=1h I,=0 Iy =1p?
z Zz
Parallelogram
A=bh I, =%(a® +b%)bh I, = b0
Ye=3(a+b) | [, =Lpn’
Zo=1h 1,, = abi?
Triangle
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Circle
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Area, Second moments of area
Figure coordinates
centroid C centroidal other
Thick-walled
ring
2 p2
A=n(R:-R})| I, =1, =1n(R}-R)
I,=0
4 _ pd
Iy =3m(R ~ &)
¥y Thin-walled
R ring
C
Y A=2nRt I, =1, =nR Iy =1 =37k’
1 L =
_ 3
vy I, =2nR*
Semicircle
2 _ 4 _ 4 _r 4
A={nR I, =¢mR" =0393R Iy =I; =1nR
Yc=0 _PNHAWIWK% I =0
= _.4
Zc=3R =0.110R*
=0.424R I,=0
+R——R— Semicircular
ring
Y c )k A=7R I, =inR® I =T =LnR®
n =Rt oy =3 TRt 5 = Iz =3nR’t
Ye =0 I.=G-HR* Iy =0
%z Ze=7R — 0.298R%
=0.637R
_CN =0
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support reactions and rotations at the beam ends

settlements

area theorems

figures to be used for the moment-

properties of plane
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ANSWERS

Problem 1
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Problem 2

a) In order to find the displacements, first of all the load distribution has to be
obtained.
Since the structure is statically indeterminate (to the degree of 1) we could use the
force method to solve the static unknown (also known as static redundant) with a
deformation condition. This condition can be evaluated with an energy method. For
instance take the moment at A as static redundant and use Castigliano’s second
theorem:

dE

C

= :0
TR

With the static redundant solved, the force distribution is known and based on this
distribution with again the second theorem of Castigliano the vertical displacement
at point C can be obtained:

. = dE,
¢ dF
b) The computation based upon the above sketched strategy results in the following
steps:
Step 1: (obtain the force distribution)

Assume an unknown moment Mx at A (tension on the upper side of the beam).

g

C
I
O
E) El =
A
A7 g A
B
A{A a U 08a
™ g gl
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A B
0.8 Fa
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A N B
AN
0.8 Fa M
X2 E
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The moment distribution for beam AB and BC with local axis along the beam axis

results in:
beam AB M ™" (x,) = —MA( ‘ﬁj_ﬂ () = ‘( ‘ﬁj
a 5 dM, a
4Fa (1 - ij .
beam BC M®*C(x,)=—————4~ —— M™(x,)=0
5 aMm ,
Evaluating the deformation condition yields to:
dE. d M) Mo dcll‘ﬁx)
< — I dx = I — A 4x=
dM, dM, o . 2EI 3. EI
MAB(x)dMAB('xl) MBC(x)dMBC(xz)
r YoM, r ¥ dAM,
= | dy + | dx, =
x=0 EI x,=0 EI
w0 () M) (_M (_xlj_‘”’)ﬁj(_( _xlD
a 1 a A
_ J' dMm , d, = J' a 5 a d, =
0 E1 2o EI
2
_SaM, +2Fa” _ M,=—-2Fa
15EI
Step 2 : (obtain displacement)

The obtained force distribution (moment distribution) can be written as:

beam AB M ™" (x,) =%F“(l‘%)‘%m %M T =%“(1‘%j‘%xl
beam BC MBC(xz):—éFa(l—ﬁj iMBC(xz):_%a( _ﬁj
a dF a
The vertical displacement at C can be found with:
dM (x)
M (x)
E 2
dF dF ;. 2EI Ahe EI
AB BC
L M () %) L M () M)
= | dE__ay+ | dF 4y =
EI 1 El ?
x=0 x,=0
_ 28Fa’
75EI
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Problem 3

a)
b)
c)

d)

€)

See reader

See reader

The structure is two-fold statically indeterminate. The maximum number of hinges
to obtain a mechanism is three. These hinges may occur at four positions. Therefor
a maximum of four mechanisms is to investigated:

1 hinges at CDE, the load will not produce work, infinite failure load

2 hinges at ACD

3 hinges at ACE

4 hinges at ADE

So only the last three mechanisms have to be examined.

The failure load has to be found based on a correct mechanism with correct virtual
rotations of all elements. The correct direction of the full plastic moments is also
essential and finally a correct expression for the virtual work. This results in:
ACD 2,33M,la failure load

ACE 2,667Mpla

ADE 4M,la

The check is to construct the moment diagram for the failure load and check if

Prager’s uniqueness condition is met. At no position in the structure the moment
can exceed the full plastic capacity.

-13 -
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Problem 4

a) This cross section is loaded in bending in the x — z plane only. The plane of loading (m-
m) follows from this. To find the plane of curvature first the position of the normal
force centre NC and all cross sectional properties with respect to this NC have to be
computed. With this results, the constitutive relation for the cross section can be
obtained. With this relation and the cross sectional loading, the deformation at the cross
section can be found. This results in the plane of curvature (k-k). From this also the
position of the neutral axis n.a. can be found. According to the theory, the neutral axis
must be perpendicular to the plane of curvature and will run through the NC.

For the cross section yields:

EA =210X10° X( Ay, +axt+bxt)=210x10°x9311.50 =1955.42x10° N

Finding the NC: (with reference to the tube centre)

3 —_ _p_1
Yoo = 210x10°(axtX(=R)+bxtx(—R—+%b) 23974 mm
EA

210x10° (axtxLta+bxtxa)
ine = FA

=34.67 mm

The cross sectional properties (double letter symbols) for the composite cross
section can be found as:

El, = 210x10°%10967.47x10* Nmm?
EI, =210x10*x10767.15x10* Nmm®
EI. =—210x10°%3928.45%10* Nmm*

yz
The cross section at mid span is loaded in bending only:

N=0N
My =0 Nmm
M. =36.75x10° Nmm

And the constitutive relation:

0 93.1150x10° 0 0 e
0 =210x10° 0 10967.47x10* -3928.45x10* K,
36.75%10° 0 -3928.45x10%  10767.15x10* || &,

The deformation can be found:

e=0; K, = 0.66969x107%; &, =0.18696560x107;

Z

-14 -
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From this the directions of the plane of loading and the plane of curvature are:

K.

tan a’k =— = ak = 7030
K
y

M
tan @7, = M—Z = «a,=90.0°
y

In this case the plane of loading m-m and the plane of curvature k-k differ by 20
degrees. The neutral axis n.a. can be expressed as:

0.6697y—1.8697z =0

200 mm

all parts

thickness ¢, y |I
E; o
/ | IR ~~
/ l T SE)\T\‘LJ?}\
/ | DAt
/) | 100
m -

Resulting k-k, m-m and n.a. due to given loads and normal stress distribution

b) The stresses can be found with the deformations:
o(y,2)=Ex(e+yxK, +zxx.)

With (y, z) as location with respect to the NC this results per point in:

point y[mm] | z[mm] | E[N/mm?] | o [N/mm?]
O top tube 39.74 -171.87 | 210000 -61.9

P lower tube 39.74 103.13 210000 46.1

S tube right -97.76 -34.67 210000 -27.2

T lower corner | -97.76 165.63 210000 51.3

U free end 165.63 240 210000 37.2

These stresses are presented in the sketch above where the k-k line has been used to
present the distribution of the normal stresses in the cross section for both materials.

-15 -



Exam CIE3109-09 / CTB3330 Structural Mechanics 4 25 June 2019

c)

d)

The maximum shear stress at S in the L-section can be found with the resultant normal
force Rvm® based on the normal stress distribution due to bending only for the released
part A% STU based on:

sff’) Rli,j’) \%
T, =—2—=—
S-L

t M t

Where V is the maximum shear force of 42 kN at one of the supports and M is the
resulting bending moment needed to find the resulting normal force Rwm for a sliding
part. For this we take either a unit moment (and subsequently the normal stress
distribution due to this unit moment) or a cross section we already know, e.g. mid span.

Computing results in:

R\ =Lbxtx(oy +07)+Laxix(op +0g) =54634.08 N

TS—L = —78 N/mmz

Note: The shear force at mid span is not significant in this case, maximum shear occurs at the
supports.

First determine the total shear force taken by the L-section. From this, the part taken by
the tube can be found. For the vertical shear force at the L-section, the shear stress
distribution of the vertical part ST has to be integrated and multiplied by the thickness .
In order to do so the function of the normal stress for ST depending on the vertical
position in the cross section has to be specified. Use a temporary local axis to express
this function.

NOT ASKED FOR:
This computation reveals that the tube takes almost 70 % of the vertical shear.
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